Abstract: Marsh Funnel is the practical method to measure viscosity of drilling fluids. Nanoparticles may be added to drilling fluids to reduce skin friction, reduce energy consumption, and increase life cycle of drilling equipment for an energy efficient environment in oil and gas industry. The discharge time is the only measured parameter during operation. However, it is possible to measure the funnel volume discharge rate and the corresponding time from which it may be possible to determine some additional rheological parameters such as yield point, apparent viscosity and plastic viscosity of drilling lubricants. In this study, a new approach is introduced for mathematical modelling of the discharge flow rate in the Marsh Funnel using a deformable control volume representation of continuity equation. Accurate calculation of discharge rate is the fundamental parameter for determining other rheological properties of complex non-Newtonian fluids particularly when nanoparticles are added for enhancing lubrication or for protecting shale against instabilities. Results of the present mathematical modelling is compared with some experimental available measurements of Newtonian fluid in the Marsh Funnel and explained.
Introduction
Marsh Funnel is widely used device to measure viscosity of drilling liquids by measuring discharge time of nearly 1.5 liters of fluids [1] [2] [3] . Since some other rheological properties of these fluids are attempted using Marsh Funnel [4] [5] [6] , a closer look at the geometry and mathematical modelling of Marsh Funnel seems inevitable which is also used in cement preparations [6] [7] [8] . It appeared that there is a gap for modelling correct volume of truncated cone of Marsh Funnel within the models developed in literature. The simplified models for the volume of cone may affect the accuracy of other rheological properties of drilling fluids such as calculating yield, apparent and plastic viscosity which may dependent on small amount of liquids within the Marsh Funnel. Table 1 . 
Mathematical modelling of the Marsh Funnel
For the mathematical modelling of Marsh Funnel, some researchers have assumed the Marsh Funnel as a complete cone and not a truncated cone. This will cause little different volume content of actual measuring Marsh Funnel compared with a complete cone which is important for measuring some properties such as yield point, apparent viscosity and plastic viscosity [4] [5] . The effect of the height of tube section is also ignored which may exhibit important contribution to calculating yield point and the potential head for determining the discharge flow rate. Based on the schematic presentation of the March Funnel geometry in the Figure 1 , the volume of the truncated cone, , of Marsh Funnel is calculated as follows:
And the volume for the tube part, , is calculated by = = 0.001 . The cross sectional area of tube is given by = 2 . This means the total volume of Marsh Funnel from the mesh section to bottom part of tube is 1.577 litres and not 1.5 litres. With assumption of a complete cone shape rather than the truncated cone, the total volume will be 1.524 litres which induces 3.36% error to real problem and 1.6% error if the volume of Marsh Funnel will be assumed 1.5 litres.
For the volume of the standard marsh funnel at any optional time, shown by the control volume in Figure 1 , the following formula can be used:
For the marsh funnel, the following relation is found between the liquid surface radius, r, and the temporal height of marsh funnel, h, at the optional time of t, as follows:
Inserting equation (2) into equation (1) and using the values for the dimensions of the marsh funnel given in Table 1 , the volume of the control volume (in mili litre) at any time is related to the height of liquid from the bottom exit to the top liquid free surface, i.e. h, in centimetre (cm) as follows:
The values of the constant coefficients in relation (3) are listed in Table 2 for the standard marsh funnel to determine the volume of control volume in cm 3 at any desirable height, h. Here, h is the height of liquid from the bottom exit to the top liquid free surface measured in centimetre (cm). The values of the constant coefficients in relation (1) are listed in Table 2 for the standard Marsh Funnel to determine the volume of control volume in cm 3 at any desirable height, h. In references [2, 5] , the volume of Marsh Funnel is given by = ℎ 3 with = 0.065, which leads to the total discharge volume of 1.517 litres or a modified value of = 0.078 which leads to the volume of 1.821 litres, by ignoring the height of the tube. These discrepancies may justify detailed calculation of the volume of the Marsh Funnel as described above.
Emphasize here is that the correct volume calculation is seen from a mathematical or theoretical point of view. In practical application, the Marsh funnel volume varies around 1.5 litres. In general, this fact should be added to certain error deviations as fundamental for experimental results. However, the developed methodologies in literature for calculating other rheological properties from Marsh Funnel are based on laboratories measurements. This can be done as accurately as possible within the accuracy of laboratory devices which are far more accurate than field testing. 
Conservation of mass in the Marsh Funnel as a deforming control volume
For the control volume shown in Figure 1 , the following assumptions are made:
-Flow inside the Marsh Funnel is one-dimensional; -Fluid flow is incompressible; -The free surface is plane;
The continuity equation for the deforming control volume can be written as:
is the mass of control volume at any instant of time, Σ̇ is the sum of all mass flow rates out of control volume (here is the outlet mass flow rate from tube), and Σ̇ is the sum of all mass flow rates coming into the control volume (here no inlet mass flow rate).
For inviscid flow rate out of the control volume, the outlet velocity is simply obtained as √2 ℎ from free fall of mass particles under gravitation. For viscous flows, it is generally accepted that the outlet velocity is modified by a flow coefficient factor K, for correcting discharge rate of viscous Newtonian flows, such that the outlet velocity is given by = √2 ℎ in which the flow coefficient factor is determined from experimental measurements [10] . In non-Newtonian fluids however it may be necessary to find a variable K to fit experimental data. At this first stage of research, the K value is assumed constant here. Therefore, the continuity equation can be written at the time t, with fluid free surface at height of h and at radius r as follows:
Using = , chain rule, and substituting outlet velocity by = √2 ℎ, equation (5) can be rewritten as:
Taking derivative of equation (3) versus h, the relation (6) can be re-written as:
By separating variables h and t, the following integrations can be carried out analytically to find a relation between time, t, and the height of marsh funnel, h. 
Employing the values of the standard marsh funnel dimensions given in Table 1 and using the gravitational acceleration value as g=981 cm/s 2 , the solution to discharge time as a function of height is obtained as follows:
The dimensionless flow coefficient factor, K, will be obtained from correlating the above analytical solution (9) to measured experimental data. The constants 1 , 2 , 3 , 4 and 1 , 2 are obtained from the above analysis and for the standard marsh funnel their corresponding values are given in Table 3 . Note that the height, h, should be inserted in centimetre (cm) in equation (9) to obtain time in seconds. 
Results and Discussions
Based on the analysis on the previous section, a sample of experimental results provided in reference [5] is compared with the present analytical solution as shown in Figure 2 .
Figure 2. Comparison of height variation of liquid versus time in the Marsh
Funnel with experimental data of [5] For this comparison, the flow coefficient factor K=0.072 is used to match up with the completion discharge time of = 553.292. The present analytical results are presented with and without considering the height of tube. Apart from different method used for determining the height from volume in reference [5] , the height of tube was neither considered in their calculations. This explains discrepancy between our analytical method and their height measurements. The total height of the Marsh Funnel from the mesh to the bottom of tube is 33.66 cm as calculated from the geometrical values given in Table 1 . Figure 2 also shows that two method of calculating volume of Marsh Funnel have also contributed to this discrepancy.
Abdulrahman et al. [9] have conducted a series of experiments for water based mud using Marsh Funnel for 8 suspensions as listed in Table 4 . Specification of the mud fluids are listed in Table 5 . The fluid suspensions values [9] and the corresponding flow coefficient from the present modeling are presented in Table 6 . The flow coefficient is chosen in a way that the final discharge time of the experiment matches with the present theoretical method. A comparison is made between experimental results of [9] and the present mathematical method in Figure 3 , with eight numbers of experiments. Experiments 1 and 8 data was used assuming the volume and height of marsh funnel described in this study. Based on this, it is evident that the present analytical method can match with experimental data very accurately; hence, the height versus time relation (9) can be effectively used in further development of methods for determining other rheological properties. 
Conclusions
Marsh Funnel is an interesting device for measuring viscosity of oil drilling liquids as well as for developing simple mathematical models for calculating rheological properties of complex fluids. In this paper, a mathematical model is introduced based on conservation mass of a deforming control volume to accurately determine the flow rate in a marsh funnel. A flow coefficient is introduced to correctly determine the discharge time in the marsh funnel. However, there are discrepancies observed between some available experimental data with the present analytical results. The reasons for these discrepancies are explained and the need for further accurate measurements is highlighted. In order to determine some additional rheological parameters, such as yield point, apparent viscosity and plastic viscosity of drilling lubricants, it is discussed that some more accurate measurements are required. Present modelling may be extended to momentum and energy equations which are laborious and requires symbolic programming software. Through such modelling, it may be possible to predict rheological properties of complex fluids such as non-Newtonian fluids combined with nanoparticles for enhancing lubrication or for stabilizing shale instabilities.
